Link back to DTU Orbit Citation (APA): Andreassen, E., & Jensen, J. S. (2016). A practical multiscale approach for optimization of structural damping. Structural and Multidisciplinary Optimization, 53(2), 215-224. https://doi.Abstract A simple and practical multiscale approach suitable for topology optimization of structural damping in a component ready for additive manufacturing is presented. The approach consists of two steps: First, the homogenized loss factor of a two-phase material is maximized. This is done in order to obtain a range of isotropic microstructures that have a connected stiff material phase. Second, the structural damping of the component is maximized using material interpolations based on the homogenized properties of the microstructures. In order to achieve convergence towards a discrete set of material phases in the macroscopic problem, a material interpolation that favors values close to the predefined material densities is introduced.
Thus, simplifying the matter and making it easier to generalize to problems involving multiphysics, but also restricting the design space.
A third approach, suggested by among others Theocaris and Stavroulakis (1999) , is to base the material interpolation on an a priori defined material library. A manufacturable two-dimensional (2D) bone replacement prototype was achieved by Khanoki and Pasini (2012) using a precomputed interpolation for a simple orthotropic microstructure in the optimization.
In the following we will show how this third approach can be applied in a multiscale optimization of the structural damping of a component build from two material phases. First, the homogenized loss factor is maximized by using an approach similar to the one described in . This is done in order to obtain a range of isotropic microstructures with a connected stiff material phase, which can be used in a multi-material optimization problem. In order to achieve convergence towards a discrete set of material phases in the macroscopic problem, a material interpolation that favors values close to the predefined material densities is introduced.
An alternative way to achieve a design with discrete microstructures, would be to use an approach similar to what is done in optimization of fiber reinforced composites with a discrete set of fiber angles (see description of discrete material optimization (DMO) by Stegmann and Lund 2005) . The implementation would require multiple design fields, and this is not necessary with the formulation presented here. However, a DMO approach would probably be useful if the presented method should be extended to anisotropic material structures.
The structure of the paper is such that most of the theory is presented in Section 2, where first the macroscopic problem is presented in Section 2.1, which also includes a justification for the multiscale approach, and then the microscopic problem is presented in Section 2.2 . Thereafter, Section 3 follows with an example illustrating how a realistic material interpolation for the macroscopic problem can be obtained and how this influences the macroscopic design. The manufacturability of the design is not considered in Section 3.
Results for manufacturable microstructures are presented in Section 4. Then, with basis in the obtained results, Section 5 presents the material interpolation that makes the macroscopic problem converge to a discrete set of densities. The results for the macroscopic problem are presented in Section 6, before the conclusion in Section 7.
Theory

Macroscopic optimization problem
The basic formulation of the macroscopic problem is similar to the one presented by Kim et al (2013) , who use topology optimization to find the best layout of damping treatments on a cylindrical shell structure. Other similar formulations have been suggested by Ling et al (2011); El-Sabbagh and Baz (2014) for damping treatments of plane plate structures, but where the final designs contain large regions with intermediate densities.
The problem considered here is that of maximizing a component's structural damping for a range of eigenfrequencies by optimizing the distribution of the material. The macroscopic optimization problem is:
where the objective is to maximize the smallest of the structural damping ratios ζ i for the n first eigenfrequencies. ζ i can be computed from the complex eigenvalue ω i as
(2)
The eigenvalue problem is a standard finite element eigenvalue problem, where the component's stiffness and mass matrix, K and M, are assembled in the standard manner by summing over the elements. Remark, though, K will be complex since the component's damping is modelled as structural damping, where the elasticity tensor has both a real and imaginary part. (1) with a linear interpolation between the material properties of S1 (white) and titanium (black). The design mesh consists of 40 × 10 elements, and the finite element mesh of 80 × 20 elements.
The constraint on the lowest eigenvalue is present to assure a minimum stiffness of the component, which would be required in most applications. Without this constraint, the optimal design would be to use only the softest material. Note, filtering of the design variables is not used for this macroscopic problem.
The key point of the multiscale approach is to base the material interpolation in the macroscopic problem on the homogenized material properties of corresponding microstructures. That is, the design variable value for an element, corresponding to a normalized density, can be mapped to a microstructure with material properties found from homogenization -also when the design variable is in-between 0 and 1.
There are two main reasons to use a multiscale approach. First, and most important to us, to assure the stiff phase can be manufactured in one piece using additive manufacturing and infused with the soft material. Second, because resolving the macroscopic problem down to the manufacturing precision can be extremely computationally expensive, especially since it involves solving an eigenvalue problem.
Simply supported beam
The macroscopic design problem considered in this paper is that of a 2D simply supported beam with dimensions 200 mm × 50 mm. The dimensions are chosen based on the fact that few additive manufacturing machines have a build chamber where the largest dimension is more than 200 mm. Furthermore, assume the minimum feature size (wall thickness) is 1/4 mm. To resolve the manufacturing precision of this simple 2D problem, 800 × 200 elements would be necessary. However, if each element was mapped to a microstructure with a unit cell size of 5 × 5 mm, a mere 40 × 10 design elements are necessary.
Solving the optimization problem in Eq. (1) on this coarse design variable mesh with a linear interpolation between the material properties of a stiff phase (titanium, see Tab. 1) and a soft phase (S1 in Tab. 1), with ω 0 = 80% Re(ω t 1 ), where ω t 1 is the first eigenfrequency of pure titanium, results in the design in Fig. 1 . Even though we use a design mesh of 40 × 10 elements, the finite element mesh consists of 80 × 20 elements. Partly, because we want to make sure the physics is captured properly, and partly, because it makes the comparison with one of the examples in Section 5, where a finer design mesh is used, more fair.
The design consists mostly of intermediate densities (gray). However, this is not only due to the coarse mesh, but also because the material properties are interpolated linearly, which is not realistic. In order to obtain a more realistic interpolation, it is necessary to consider the design of the microstructure.
Microscopic optimization problem
As mentioned, a practical approach to multiscale optimization is to optimize the properties of the microstructure first, and then use these optimized microstructures as material phases to interpolate between with a multi-material interpolation scheme. With this approach the connectivity of the graded microstructure can be assured a priori, which is an important consideration and not trivial to achieve. Furthermore, the computational burden is very low compared to a coupled multiscale optimization problem. The drawback is that the solution space is more limited. For the problem presented here, where the focus is on isotropic microstructures, this is not a big issue. If arbitrarily anisotropic microstructures should be allowed, the approach might not be suitable. However, one would still need to require connectivity (with a minimum length scale) between the cells in both the horizontal and vertical direction, which for the considered problem would highly limit the benefits of including anisotropy. In order to obtain manufacturable microstructures with a minimum feature size, a robust formulation Wang et al (2011) is used. This means that in addition to the blueprint microstructure (the one you want to manufacture), an eroded and a dilated version of the blueprint are also included in the optimization. The difference between the three design is illustrated in Fig. 2 . The three designs are included in the optimization formulation using a min-max approach in which the homogenized properties are computed for all three realizations.
In Andreasen et al (2014) , a formulation to obtain microstructures with a maximized bulk loss modulus is presented. This results in microstructures that can have very different loss factors in bulk and shear. Therefore, a slightly modified approach is used here, where the goal is to maximize the smallest of the bulk and shear loss factor. Furthermore, the stiffness constraint is on the shear modulus instead of the bulk modulus. For a 2D unit cell, this can be formulated as:
Loss factors (also dilated and eroded design)
Shear storage modulus constraint
Conductivity constraint on stiff phase 0 ≤ ϕ micro e ≤ 1, e = 1, ..., N Local design variables (3) where η * G and η * K are the homogenized shear and bulk modulus loss factors, respectively. G * is the homogenized shear modulus, and G stiff is the shear modulus of the stiffest material phase. Isotropy is enforced on both the real and imaginary part of the homogenized constitutive matrix with entries C * i j (ε = 10 −5 and C iso i j is computed based on the average of C * 11 and C * 22 , and C * 12 ). The conductivity constraint is there to assure a connected stiff phase, therefore the homogenized conductivity is computed by setting the conductivity of the soft phase σ soft = 10 −6 σ stiff . The homogenized material properties are found by solving the equilibrium equations on the unit cell and computing the homogenized tensors (Guedes and Kikuchi 1990; Hassani and Hinton 1998) . A Matlab implementation showing the details of how this is done can be found in .
Note, both the shear modulus constraint and the conductivity constraint are on the eroded design. With this formulation, the resulting microstructure has a connected stiff phase, and has a minimum length scale on both the soft and stiff phase. Furthermore, if the obtained shear and bulk loss factor are equal, the material phase can be fully described using only three parameters: G , K , and η, which can be interpolated using the same design variable. The material interpolation in the microscopic elasticity problem is linear, and for the conductivity problem, a penalization factor of 3 is used. The macroscopic and microscopic optimization are weakly coupled in the sense that results from the microscopic optimization problem is used in the macroscopic problem. 
(c) (c) Fig. 3 : (a) Microstructure 2 is obtained with the optimization formulation in Eq.
(3) with S1 as the soft phase (microstructure 1) and no robustness requirement or conductivity constraint. (b-c) Power law interpolation between pure soft/stiff phase and the microstructure in (a). The shear and bulk loss factor are the same.
With the microscopic optimization problem presented here, it is easy to obtain 2D microstructures that fulfill the manufacturing requirements. The formulation is based on the one presented in Andreasen et al (2014) , where it is shown that even though the formulation does not guarantee connected stiff regions, it seems to favor open cells (also for three-dimensional microstructures) as long as the conductivity constraint is not too low. In our experience, the robust formulation will further favor open cells (small features are not allowed in the blueprint design). The Method of Moving Asymptotes (MMA) is used for all the numerical optimizations (Svanberg 1987) .
Realistic material interpolations
A simple way to obtain a material interpolation between titanium and S1, is to use the formulation in Eq. (3) to find a microstructure with an intermediate density, and use the microstructures homogenized properties to create a power law interpolation between the material properties of S1 and titanium. In this section we want to obtain a material interpolation with the highest possible loss factor for the intermediate microstructure, and, therefore, the requirements necessary for manufacturing (robustness and conductivity of stiff phase) are disregarded.
For a = 0.1 (the shear modulus constraint) the resulting microstructure is shown in Fig. 3(a) and denoted microstructure 2 (microstructure 1 is pure S1, and microstructure 2 is pure titanium). White is used to indicate the soft material phase, while black is used for the stiff material phase (titanium). The material properties of the obtained microstructure are plotted together with the material properties of S1 and titanium in Fig.  3(b-c) , together with power law fitted functions, which can be used as material interpolation functions in the macroscopic problem. The horizontal axis show the normalized density, computed as
where ρ 1 is the density of the softest (and lightest) microstructure, ρ 3 is the density of the stiffest (and heaviest) microstructure, and ρ ∈ [ρ 1 , ρ 3 ]. (1) with the power law interpolations stated in Fig. 3 between the material properties of S1 (white) and titanium (stiff). In (a) the design mesh consists of 40 × 10 elements, while in (b) it consists of 80 × 20 elements. In both (a) and (b) the finite element mesh consists of 80 × 20 elements. In (c) both the design and finite element mesh consist of 320 × 80 elements.
Rerunning the macroscopic problem with the power law interpolations depicted in Fig. 3(b-c) , results in the designs in Fig. 4 , where also two designs obtained with finer design meshes are depicted.
With this more realistic interpolation, the design contains a much lower fraction of intermediate densities. However, there are still intermediate densities present -also when the resolution is increased. There is no guarantee that all points in the interpolation can be mapped to microstructures, and this could possibly to some degree explain the intermediate densities in the designs, but the results still indicate that even with a realistic interpolation a very fine discretization can be necessary to obtain a design without intermediate densities. But it also indicates that there is little benefit, for the macroscopic objective in mixing the two material phases on a micro-level. Thus, the two main reasons for creating the microstructure are: 1) It is important from a manufacturing point of view (e.g. to achieve connected stiff phase), 2) Computational resources limit the macroscopic problem to a very coarse resolution.
Microstructure results
In this section results for manufacturable microstructures with a stiff phase are presented. The microscopic formulation in Eq. (3) is used to maximize the loss factor of three connected microstructures consisting of titanium and S1, and titanium and S2. Where S2 is a soft phase much closer to a rubber material than S1. The material properties are given in Tab. 1.
A plane strain formulation is used, such that material phase S2, which has a Poisson's ratio close to 0.5, will be nearly incompressible. In order to prevent volumetric locking, the B-Bar method (Hughes 1980) , which for rectilinear elements is equivalent to selective reduced integration, is used. However, for the microscopic homogenization problem, where S2 is used, locking does not seem to be an issue. The reason for this might be that the constitutive tensor is also reflected in the load. Therefore, almost identical results can be obtained without using selective reduced integration.
First, the microscopic formulation in Eq.
(3) is used to maximize the loss factor of three connected microstructures consisting of titanium and S1, and titanium and S2.
For both cases, the loss factor is maximized with three different values a for the stiffness constraint. The conductivity constraint value is set to b = 0.05, and the robust formulation with threshold parameters 0.4 (dilated), 0.5 (blueprint), and 0.6 (eroded). b should be chosen relatively low, such that it does not restrict the design too much, but not so small that the eroded design contains floating islands. We have found 0.05 to be a good compromise A filter radius of 0.07 times the unit cell width, have been used for all designs. A higher conductivity constraint would typically give larger stiff material phase feature sizes, and a larger filter radius Material properties for the titanium-S1 and the titanium-S2 microstructures in Fig. 5 and 6 .
[-] S1-T (1) 2355 2.2 7.7 0.040 0.040 S1-T (2) 2914 3.7 10.8 0.037 0.036 S1-T (3) 3352 6.7 16.9 0.027 0.025 S2-T ( (or wider η-values) will increase the minimum feature size. A 45 degree symmetry has been enforced in all designs -this makes it easier to fulfill the isotropy constraints and do not, based on numerical experiments, affect the performance.
The resulting microstructures when using S1 are shown in Fig. 5(a) . The corresponding homogenized material properties (evaluated from the thresholded designs) are plotted in Fig. 5(b-c) . The stiffness of the microstructures follow a power law with a low exponent, and the loss factors seem to follow a similar power law, just with the opposite sign. Furthermore, note that the bulk storage modulus is always larger than the shear, even though the constraint is on the shear storage modulus.
The resulting microstructures when using S2 are shown in Fig. 6(a) , and the corresponding homogenized material properties are plotted in Fig. 6(b-c) . Due to the high bulk modulus of S2, it is possible to obtain four connected microstructures with a high loss factor. Even though the shear loss factor is lower than the bulk loss factor for all the microstructures, the S2 microstructures seem to have a good compromise between damping and stiffness, but are denser and all the microstructures have a slightly lower bulk modulus than the corresponding S1 microstructures.
The homogenized material properties of both the titanium-S1 and the titanium-S2 microstructures are summarized in Tab. 2. 
Material interpolation ensuring discrete design
In order to obtain a macroscopic structure consisting of only the discrete set of a priori obtained microstructures, we present a material interpolation for "guiding" multiscale optimizations to this discrete set. First, power law interpolations between the material properties of the microstructures are created. These are plotted in Fig. 7, where the x-axis shows the normalized density ϕ.
The storage moduli follow power law functions, while the loss factors are described by similar power law functions (with opposite signs). This opposite relation between storage and loss moduli, where the two intermediate density microstructures have proportionally higher loss, but lower stiffness, is what makes it possible to introduce an interpolation on the loss factors that guides the macroscopic problem to a discrete set of densities and corresponding microstructures.
Second, the macroscopic optimization problem is solved using one of the power law interpolations stated in Fig. 7 . The resulting design is used as the initial design for a new optimization where the power law interpolation on the loss factors are exchanged with multi-step Heaviside functions (continuous step functions), which are also illustrated in Fig. 7(c-f) . These functions are constructed to favor the densities corresponding to the microstructures in Fig. 5(a)/6(a) , because the densities in-between microstructures become sufficiently uneconomical when the goal is to maximize the structural damping with a constraint on the stiffness (the first eigenvalue constraint).
The interpolation builds on ideas first presented by (Guest et al 2004) and extended by (Xu et al 2010) (projection of filtered densities), but the multistep version introduced here is only meant as a material interpolation for the loss factors and not in conjunction with any filtering. As mentioned, no filtering is used in the macroscopic problem.
Remark, a modified Heaviside side function shifted to have the step at ϕ i can be expressed as:
At ϕ = 1 the function value is 
Step interpolation η 1 + (η 3 − η 1 )ϕ 1.3 Step interpolation (f) (f) Fig. 7: (a) , (c), and (e) show material interpolations between microstructures 1-3 in Fig. 5(a). (b), (d) , and (f) show material interpolations between microstructures 1-3 in Fig. 6(a). (a-b) show the storage moduli interpolations, and (c-f) show the loss factor interpolation. and we subtract this value from f i , because we want the function to take the value 0 at ϕ = 1, and redefine f i :
which will take the value
at ϕ = 0. We want the function to take the value 1 at ϕ = 0, and therefore we again redefine f i : By creating a weighted sum of these functions with step values ϕ i corresponding to the material densities of the microstructures, a multiple step function between the loss factors of the microstructures can be obtained. This can be expressed as:
where η i is loss factor for microstructure i, and n is the number of microstructures. The step function interpolation is first introduced after a good design has been obtained, and, therefore, the parameter controlling the steepness of the steps is set to a constant high value β = 200.
Macroscopic results
Consider the earlier described simply supported beam. If there is no constraint on the lowest eigenvalue, the optimized structure would be one purely consisting of microstructure 1. With S1 as the soft phase, the stiffest microstructure has ζ 1 = 0.013 and Re(ω 1 ) = 1219 Hz. Thus, for the optimized beam we allow a slightly lower first eigenfrequency of 0.8 · 1219 Hz = 975 Hz, with the aim of achieving a higher structural damping.
The result of the first part of the optimization, using only the power law interpolations for the S1 microstructures from Fig. 7 , is shown in Fig. 8(a) . The optimized beam has ζ 1 = 0.019. Continuing with the step function interpolation results in the design in Fig. 8(b) . A design with three discrete density values is nearly obtained. This beam also has a damping ratio that is only one percent lower than the beam in Fig.  8(a) . Now we run the same optimization, that is with the same eigenvalue constraint, but with the material interpolations for S2 from Fig. 7 . The beam designs with the power law and the step function interpolation can be seen in Fig. 8(c) and (d) , respectively. The damping ratios for the two designs are 0.131 and 0.128.
The large difference in damping ratios between the beam with S1 and S2, is to be expected since the base material properties are very different. However, it is also clear that the beam with S2 will contain much more titanium in order to achieve the eigenvalue constraint. This is very clearly seen in Fig. 9 , where the beams from Fig. 8(b,d) are shown with the full microstructural pattern.
Homogenization theory, which is used to compute the macroscopic material properties, assumes that there is a clear separation of scales. But as we discuss, the manufacturing requirements will impose a minimum length scale -severely restricting how many unit cell repetitions the part can contain; especially when the part contains a varying microstructure (as in the examples presented here). That said, based on e.g. the recent numerical results presented by Alexandersen and Lazarov (2015) , we have reason to believe that a slowly varying microstructure give macroscopic properties close to the ones predicted by homogenization theory.
Finally, it should be remarked that only the first eigenfrequency has been included in the optimizations here, even though the min-max formulation in Eq. (1) allows for a range of eigenfrequency. And the approach does work equally well with a range of eigenfrequencies, but in most cases the structural damping of the first one or two eigenfrequencies will drive the optimization.
Conclusion
The presented simple multiscale formulation consists of a two step optimization approach, where one first uses topology optimization to obtain a range of manufacturable microstructures, and, thereafter, use a material interpolation based on the homogenized properties in the macroscopic problem. A multiple step function is introduced to obtain optimized structural damping designs with a discrete set of microstructures.
The approach makes it computationally feasible to maximize the structural damping ratio of a component with fine details. Thus, it can also be extended to three-dimensional (3D) problems without being computationally exhaustive. Furthermore, it assures the component is manufacturable, because the microstructural design guarantees the connectivity of the stiff phase, and the suggested material interpolation guides the design to a discrete set of microstructures.
None of the presented designs have been manufactured, but it will be natural to manufacture and test designs in conjunction with applying the approach for 3D problems. The approach of printing a stiff phase (e.g. in titanium) and infusing it with a soft phase is expensive, and is most attractive for high-end, low volume products. Possible applications could be aerospace components, high-end sports parts (e.g. racing bike saddle post), and high quality audio equipment, such as a tone arm (basically a simply supported beam).
